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Introduction

Complex Cobordism

MU is a nexus in stable homotopy theory.

There is a spectrum MU satisfying:

πnMU ∼= {Complex cobordism classes of n-manifolds} .

There is a spectral sequence (ANSS)

Ext∗,∗MU∗MU(MU∗,MU∗) =⇒ π∗S.

MU serves as a conduit between the theory of formal group laws
and stable homotopy theory.

This project: use power series calculations to get results about power
operations in complex-oriented cohomology theories
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Introduction

Goal

Conjecture
The p-local Brown Peterson spectrum BP admits an E∞ ring structure

Partial Results:
(Basterra-Mandell) BP is E4.

(Richter) BP is 2(p2 + p − 1) homotopy-commutative.
(Goerss/Lazarev) BP and many of its derivatives are
E1 = A∞-spectra under MU (in many ways).
(Hu-Kriz-May) There are no H∞ ring maps BP → MU(p).
H∞ is an “up to homotopy” version of E∞
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Introduction

Goal

Theorem (J. – Noel)
Suppose f : MU(p) → E is map of H∞ ring spectra satisfying:

1 f factors through Quillen’s map to BP.
2 f induces a Landweber exact MU∗-module structure on E∗.
3 Small Prime Condition: p ∈ {2,3,5,7,11,13}.

then π∗E is a Q-algebra.

Application: The standard complex orientations on En, E(n), BP〈n〉,
and BP do not respect power operations;
The corresponding MU-ring structures do not rigidify to commutative
MU-algebra structures.
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Introduction

Plan

Motivate structured ring spectra
Describe MU, BP, and the connection to formal group laws
Topological question algebraic question (power series)
Display some calculations
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Introduction Background

Spectra↔ Cohomology theories

A (pre-)spectrum is a sequence of pointed spaces, En, with structure
maps

ΣEn → En+1

such that the adjoint is a homotopy equivalence:

En
'−→ ΩEn+1.

This yields a reduced cohomology theory on based spaces:

Ẽn(X ) = [X ,En] ∼= [X ,ΩEn+1] ∼= Ẽn+1(ΣX )
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Introduction Background

Spectra↔ Cohomology theories

Some motivating examples:
Ordinary reduced cohomology is represented by
Eilenberg-Mac Lane spaces

H̃n(X ,R) = [X ,K (R,n)]

Topological K -theory is represented by BU × Z and U
(Bott periodicity):

K̃U
n
(X ) =

{
[X ,BU × Z] n = even
[X ,U] n = odd

Complex cobordism is represented by
MU(n) = colimqΩqTU(n + q)

M̃U
n
(X ) = [X ,MU(n)]

etc.
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Introduction Background

Spectra↔ Cohomology theories

From a spectrum E we get an unreduced cohomology theory on
unbased spaces by adding a disjoint basepoint.
For an unbased space X ,

E∗(X ) = Ẽn(X+) = [X+,E∗]

E∗(−) takes values in graded abelian groups.

When E is a ring spectrum, E∗(−) takes values in graded commutative
rings (with unit).
E∗ denotes the graded ring E∗(pt .).
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Introduction Background

Spectra↔ Cohomology theories

Brown Representibility
Every generalized cohomology theory is represented by a spectrum.

Viewed through this lens, it is desirable to express the “commutative
ring” property in the category of spectra.

Doing so allows us to work with cohomology theories as algebraic
objects.

Difficulty: organizing higher homotopy data
(motivates operads & monads)

There are many good categories of spectra, having well-behaved
smash products and internal homs.
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Introduction Background

Structured Ring Spectra

The category of E∞ ring spectra is one category of structured ring
spectra. An E∞ ring spectrum is equipped with a coherent family of
structure maps

E∧s //

��

E

Ds

µ
==||||||||

which extend over the Borel construction DsE = EΣs nΣs E∧s;
a “homotopy-fattened” version of Es

coherent: DsDt → Dst , Ds ∧ Dt → Ds+t , etc.
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Introduction Background

Power Operations and H∞ Ring Spectra

The definition of E∞ predated applications by about 20 years
For many applications, it suffices to have the coherent structure
maps defined only in the homotopy category.
This defines the notion of an H∞ ring spectrum.
This data corresponds precisely to a well-behaved family of power
operations in the associated cohomology theory.

For an unbased space X , and π ≤ Σn

Pπ : E0(X )
µ−→ E0(DsX )

δ∗−→ E0(Bπ × X ).

µ: H∞ structure maps
δ∗: pulling back along diagonal X → X×s
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Introduction Background

Power Operations and H∞ Ring Spectra

MU has a natural H∞ ring structure arising from the group structure on
BU.

Thom isomorphism for MU ⇒ wider family of even-degree power
operations

Pπ : MU2i(X )→ MU2in(Bπ × X )

π ≤ Σn
take π = Cp , X = pt .

MU∗(CP∞) = MU∗JxK also has a (formal) group structure induced by
the multiplication on CP∞. This gives us computational access to the
MU power operations.
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Formal Group Laws

Formal Group Laws

A (commutative, 1-dimensional) formal group law over a ring R is
determined by a power series F (x , y) ∈ RJx , yK which is unital,
commutative, and associative, in the following sense:

F (x ,0) = x = F (0, x).

F (x , y) = F (y , x).

F (F (x , y), z) = F (x ,F (y , z)).

Example (Ga): F (x , y) = x + y .
Example (Gm): F (x , y) = x + y + xy .
Example (MU): CP∞ × CP∞ → CP∞ induces

MU∗(CP∞) // MU∗(CP∞ × CP∞)

MU∗JxK // MU∗Jx , yK

x � // x +MU y
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Formal Group Laws

Formal Group Laws

Theorem (Lazard)
There is a universal formal group law

Funiv .(x , y) =
∑

aijx iy j

and it is defined over

L = Z[U1,U2,U3, . . .]

Theorem (Quillen)

MU∗ = Z [U1,U2,U3, . . .]

and
x +MU y = Funiv .(x , y)
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Formal Group Laws MU∗ and BP∗

MU∗ and BP∗

MU∗ = Z [U1,U2,U3, . . .]

MU−∗ ⊗Q ∼= HQ∗(MU) ∼= Q[m1,m2,m3, . . .]

[CPn] ∈ MU−2n

Under the Hurewicz map to rational homology

[CPn] 7→ (n + 1)mn.

Q
[
[CP1], [CP2], [CP3], . . .

] ∼=
↪−→ MU∗ ⊗Q
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Formal Group Laws MU∗ and BP∗

MU∗ and BP∗

MU∗
r∗ // BP∗

MU∗ ⊗Q // BP∗ ⊗Q

mi 7→

{
0 if i 6= pk − 1
`k if i = pk − 1

Q [`1, `2, `3, . . .]
∼=
↪−→ BP∗ ⊗Q

r∗[CPpk−1] = pk`k ∈ BP−2(pk−1) ⊗Q
r∗[CPn] = 0 for n 6= pk − 1
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Formal Group Laws MU∗ and BP∗

MU∗ and BP∗

MU =
∨

some d

ΣdBP

BP∗ ∼= Z(p) [v1, v2, v3, . . .]

Hazewinkel generators:

`1 =
v1

p
, `2 =

v2

p
+

v1+p
1
p2 ,

`3 =
v3

p
+

v1vp
2 + v2vp2

1
p2 +

v1+p+p2

1
p3 , etc.

Araki generators:
`1 =

v1

p − p p , etc.
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Formal Group Laws logBP , expBP , and formal sum

logBP, expBP, and formal sum

Rationally, every formal group law is isomorphic to the additive formal
group

x +F y = log−1
F (logF (x) + logF (y))

logBP(t) = t + `1tp + `2tp2
+ · · · (p-typical)

expBP(t) = log−1
BP(t)

ξ +BP x = expBP ( logBP(ξ) + logBP(x) ) = ξ + x + · · ·
[i]ξ = iξ + · · ·

= ξ · 〈i〉ξ
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Calculations Topological Question

H∞ ring structure for BP?

Consider PCp : MU2i(pt .)→ MU2pi(BCp)

MU∗(BCp) ∼= MU∗JξK/[p]ξ
q∗−→ MU∗JξK/〈p〉ξ

BP∗(BCp) ∼= BP∗JξK/[p]ξ
q∗−→ BP∗JξK/〈p〉ξ

MU2∗
PCp //

r∗
��

MU2p∗JξK/[p]ξ
q∗a2n

0 //

r∗
��

MU2p∗+4n(p−1)JξK/〈p〉ξ

r∗
��

BP2∗
PCp //_____ BP2p∗JξK/[p]ξ

q∗a2n
0 // BP2p∗+4n(p−1)JξK/〈p〉ξ

Calculate MCn = r∗q∗a2n
0 PCp [CPn]

for n 6= pk − 1
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Calculations Topological Question

H∞ ring structure for BP?

If the map r : MU → BP carries an H∞ structure,
then the dotted arrow makes the diagram commute
and MCn = 0 for n 6= pk − 1

MU2∗
PCp //

r∗
��

MU2p∗JξK/[p]ξ
q∗a2n

0 //

r∗
��

MU2p∗+4n(p−1)JξK/〈p〉ξ

r∗
��

BP2∗
PCp //_____ BP2p∗JξK/[p]ξ

q∗a2n
0 // BP2p∗+4n(p−1)JξK/〈p〉ξ

MCn = r∗q∗a2n
0 PCp [CPn]

The same argument applies to any
map of ring spectra
MU f−→ E → BP.
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Calculations Cyclic Power Operation

PCp: Quillen’s cyclic product formula

MU∗(CP∞) ∼= MU∗JxK
MU∗(BCp × CP∞) ∼= MU∗Jx , ξK/[p]ξ

BP∗(CP∞) ∼= BP∗JxK
BP∗(BCp × CP∞) ∼= BP∗Jx , ξK/[p]ξ

r∗PCp (x) =

p−1∏
i=0

(
[i]ξ +BP x

)
=
∑
i≥0

ai(ξ)x i+1

This defines the classes ai
a0 is the MU-Euler class of the reduced regular representation of Cp
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Calculations Cyclic Power Operation

PCp on [CPn]

Theorem (Quillen)

a2n
0 PCp [CPn] =

∑
|α|=n

aαsα[CPn]

multi-indices α = (α0, α1, . . .)

aα = aα0
0 aα1

1 · · ·

|α| =
∑

i≥0 αi |α|′ =
∑

i≥1 iαi

Adams: sα[CPn] = coeffn,α[CPn−|α|′ ] (modified multinomial coefficient)
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Calculations Cyclic Power Operation

PCp

Putting these together gives an explicit formula for
MCn = r∗q∗a2n

0 PCp [CPn] (McClure):

MCn = a2n+1
0

n∑
k=0

r∗[CPn−k ] ·
(∑

i≥0aiz i
)−(n+1)

[zk ]

g(z)[zk ] extracts
the coefficient of zk in g(z)
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Calculations Cyclic Power Operation

PCp p = 2

a0(ξ) = ξ

a1(ξ) = 1− v1ξ + v2
1 ξ

2 + (−2v3
1 − 2v2)ξ3 + (3v4

1 + 4v1v2)ξ4 + (−4v5
1 − 6v2

1 v2)ξ5 + (6v6
1 + 12v3

1 v2 + 4v2
2 )ξ6 + (−10v7

1 − 24v4
1 v2 − 14v1v2

2 − 4v3)ξ7 + (15v8
1 + 40v5

1 v2 + 28v2
1 v2

2 + 8v1v3)ξ8 + (−22v9
1 − 66v6

1 v2 − 58v3
1 v2

2 − 12v2
1 v3 − 8v3

2 )ξ9 + (34v10
1 + 116v7

1 v2 + 128v4
1 v2

2 + 24v3
1 v3 + 40v1v3

2 + 16v2v3)ξ10 + (−52v11
1 − 196v8

1 v2 − 250v5
1 v2

2 − 44v4
1 v3 − 104v2

1 v3
2 − 48v1v2v3)ξ11 + (78v12

1 + 320v9
1 v2 + 460v6

1 v2
2 + 72v5

1 v3 + 240v3
1 v3

2 + 96v2
1 v2v3 + 16v4

2 )ξ12 + O(ξ13)

a2(ξ) = v2
1 ξ + (−4v3

1 − 3v2)ξ2 + (10v4
1 + 11v1v2)ξ3 + (−21v5

1 − 28v2
1 v2)ξ4 + (43v6

1 + 75v3
1 v2 + 18v2

2 )ξ5 + (−88v7
1 − 190v4

1 v2 − 89v1v2
2 − 14v3)ξ6 + (169v8

1 + 420v5
1 v2 + 257v2

1 v2
2 + 46v1v3)ξ7 + (−312v9

1 − 880v6
1 v2 − 688v3

1 v2
2 − 104v2

1 v3 − 72v3
2 )ξ8 + (574v10

1 + 1837v7
1 v2 + 1811v4

1 v2
2 + 254v3

1 v3 + 456v1v3
2 + 120v2v3)ξ9 + (−1039v11

1 − 3704v8
1 v2 − 4325v5

1 v2
2 − 582v4

1 v3 − 1564v2
1 v3

2 − 520v1v2v3)ξ10 + (1840v12
1 + 7198v9

1 v2 + 9631v6
1 v2

2 + 1202v5
1 v3 + 4508v3

1 v3
2 + 1416v2

1 v2v3 + 240v4
2 )ξ11 + O(ξ12)

a3(ξ) = (−2v3
1 − 2v2)ξ + (10v4

1 + 11v1v2)ξ2 + (−34v5
1 − 43v2

1 v2)ξ3 + (101v6
1 + 164v3

1 v2 + 34v2
2 )ξ4 + (−275v7

1 − 551v4
1 v2 − 226v1v2

2 − 28v3)ξ5 + (680v8
1 + 1586v5

1 v2 + 879v2
1 v2

2 + 126v1v3)ξ6 + (−1573v9
1 − 4192v6

1 v2 − 3001v3
1 v2

2 − 382v2
1 v3 − 260v3

2 )ξ7 + (3506v10
1 + 10612v7

1 v2 + 9596v4
1 v2

2 + 1144v3
1 v3 + 2060v1v3

2 + 424v2v3)ξ8 + (−7546v11
1 − 25549v8

1 v2 − 27679v5
1 v2

2 − 3170v4
1 v3 − 8920v2

1 v3
2 − 2400v1v2v3)ξ9 + (15709v12

1 + 58672v9
1 v2 + 73615v6

1 v2
2 + 7934v5

1 v3 + 31416v3
1 v3

2 + 8352v2
1 v2v3 + 1400v4

2 )ξ10 + O(ξ11)

a4(ξ) = (3v4
1 + 4v1v2)ξ + (−21v5

1 − 28v2
1 v2)ξ2 + (101v6

1 + 164v3
1 v2 + 34v2

2 )ξ3 + (−394v7
1 − 769v4

1 v2 − 302v1v2
2 − 35v3)ξ4 + (1303v8

1 + 2933v5
1 v2 + 1543v2

1 v2
2 + 203v1v3)ξ5 + (−3861v9

1 − 9900v6
1 v2 − 6707v3

1 v2
2 − 791v2

1 v3 − 523v3
2 )ξ6 + (10643v10

1 + 30921v7
1 v2 + 26363v4

1 v2
2 + 2906v3

1 v3 + 5103v1v3
2 + 918v2v3)ξ7 + (−27636v11

1 − 89822v8
1 v2 − 91989v5

1 v2
2 − 9682v4

1 v3 − 27241v2
1 v3

2 − 6470v1v2v3)ξ8 + (68193v12
1 + 244934v9

1 v2 + 291819v6
1 v2

2 + 28937v5
1 v3 + 115864v3

1 v3
2 + 27744v2

1 v2v3 + 4546v4
2 )ξ9 + O(ξ10)

a5(ξ) = (−4v5
1 − 6v2

1 v2)ξ + (43v6
1 + 75v3

1 v2 + 18v2
2 )ξ2 + (−275v7

1 − 551v4
1 v2 − 226v1v2

2 − 28v3)ξ3 + (1303v8
1 + 2933v5

1 v2 + 1543v2
1 v2

2 + 203v1v3)ξ4 + (−5156v9
1 − 13042v6

1 v2 − 8671v3
1 v2

2 − 1001v2
1 v3 − 654v3

2 )ξ5 + (18115v10
1 + 51502v7

1 v2 + 42619v4
1 v2

2 + 4557v3
1 v3 + 7847v1v3

2 + 1330v2v3)ξ6 + (−58002v11
1 − 183665v8

1 v2 − 181684v5
1 v2

2 − 18408v4
1 v3 − 51133v2

1 v3
2 − 11384v1v2v3)ξ7 + (172287v12

1 + 601728v9
1 v2 + 691569v6

1 v2
2 + 65784v5

1 v3 + 261417v3
1 v3

2 + 58986v2
1 v2v3 + 9462v4

2 )ξ8 + O(ξ9)

a6(ξ) = (6v6
1 + 12v3

1 v2 + 4v2
2 )ξ + (−88v7

1 − 190v4
1 v2 − 89v1v2

2 − 14v3)ξ2 + (680v8
1 + 1586v5

1 v2 + 879v2
1 v2

2 + 126v1v3)ξ3 + (−3861v9
1 − 9900v6

1 v2 − 6707v3
1 v2

2 − 791v2
1 v3 − 523v3

2 )ξ4 + (18115v10
1 + 51502v7

1 v2 + 42619v4
1 v2

2 + 4557v3
1 v3 + 7847v1v3

2 + 1330v2v3)ξ5 + (−73850v11
1 − 231765v8

1 v2 − 226598v5
1 v2

2 − 22715v4
1 v3 − 62707v2

1 v3
2 − 13685v1v2v3)ξ6 + (270163v12

1 + 929923v9
1 v2 + 1049281v6

1 v2
2 + 98170v5

1 v3 + 386948v3
1 v3

2 + 85011v2
1 v2v3 + 13470v4

2 )ξ7 + O(ξ8)

a7(ξ) = (−10v7
1 − 24v4

1 v2 − 14v1v2
2 − 4v3)ξ + (169v8

1 + 420v5
1 v2 + 257v2

1 v2
2 + 46v1v3)ξ2 + (−1573v9

1 − 4192v6
1 v2 − 3001v3

1 v2
2 − 382v2

1 v3 − 260v3
2 )ξ3 + (10643v10

1 + 30921v7
1 v2 + 26363v4

1 v2
2 + 2906v3

1 v3 + 5103v1v3
2 + 918v2v3)ξ4 + (−58002v11

1 − 183665v8
1 v2 − 181684v5

1 v2
2 − 18408v4

1 v3 − 51133v2
1 v3

2 − 11384v1v2v3)ξ5 + (270163v12
1 + 929923v9

1 v2 + 1049281v6
1 v2

2 + 98170v5
1 v3 + 386948v3

1 v3
2 + 85011v2

1 v2v3 + 13470v4
2 )ξ6 + O(ξ7)

a8(ξ) = (15v8
1 + 40v5

1 v2 + 28v2
1 v2

2 + 8v1v3)ξ + (−312v9
1 − 880v6

1 v2 − 688v3
1 v2

2 − 104v2
1 v3 − 72v3

2 )ξ2 + (3506v10
1 + 10612v7

1 v2 + 9596v4
1 v2

2 + 1144v3
1 v3 + 2060v1v3

2 + 424v2v3)ξ3 + (−27636v11
1 − 89822v8

1 v2 − 91989v5
1 v2

2 − 9682v4
1 v3 − 27241v2

1 v3
2 − 6470v1v2v3)ξ4 + (172287v12

1 + 601728v9
1 v2 + 691569v6

1 v2
2 + 65784v5

1 v3 + 261417v3
1 v3

2 + 58986v2
1 v2v3 + 9462v4

2 )ξ5 + O(ξ6)
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Calculations Cyclic Power Operation

PCp p = 3

a0(ξ) = 2ξ2 − 2v1ξ
4 + 8v2

1 ξ
6 − 40v3

1 ξ
8 + (170v4

1 − 170v2)ξ10 + (−648v5
1 + 2216v1v2)ξ12 + (1424v6

1 − 22512v2
1 v2)ξ14 + (9752v7

1 + 208104v3
1 v2)ξ16 + (−188608v8

1 − 1749568v4
1 v2 + 130560v2

2 )ξ18 + O(ξ19)

a1(ξ) = 3ξ − 8v1ξ
3 + 36v2

1 ξ
5 − 216v3

1 ξ
7 + (1148v4

1 − 944v2)ξ9 + (−5352v5
1 + 15372v1v2)ξ11 + (15996v6

1 − 184320v2
1 v2)ξ13 + (67112v7

1 + 1953852v3
1 v2)ξ15 + (−1860036v8

1 − 18577248v4
1 v2 + 1243152v2

2 )ξ17 + O(ξ18)

a2(ξ) = 1− 9v1ξ
2 + 63v2

1 ξ
4 − 491v3

1 ξ
6 + (3336v4

1 − 2331v2)ξ8 + (−19299v5
1 + 48000v1v2)ξ10 + (75190v6

1 − 688481v2
1 v2)ξ12 + (190305v7

1 + 8461284v3
1 v2)ξ14 + (−8517387v8

1 − 91702641v4
1 v2 + 5569497v2

2 )ξ16 + O(ξ17)

a3(ξ) = −3v1ξ + 53v2
1 ξ

3 − 606v3
1 ξ

5 + (5466v4
1 − 3396v2)ξ7 + (−40124v5

1 + 89227v1v2)ξ9 + (200959v6
1 − 1553160v2

1 v2)ξ11 + (262442v7
1 + 22404758v3

1 v2)ξ13 + (−24090960v8
1 − 279309588v4

1 v2 + 15610340v2
2 )ξ15 + O(ξ16)

a4(ξ) = 21v2
1 ξ

2 − 435v3
1 ξ

4 + (5547v4
1 − 3248v2)ξ6 + (−53343v5

1 + 109971v1v2)ξ8 + (344247v6
1 − 2360712v2

1 v2)ξ10 + (103042v7
1 + 40536317v3

1 v2)ξ12 + (−47265801v8
1 − 587439168v4

1 v2 + 30689952v2
2 )ξ14 + O(ξ15)

a5(ξ) = 3v2
1 ξ − 179v3

1 ξ
3 + (3588v4

1 − 2142v2)ξ5 + (−47382v5
1 + 94662v1v2)ξ7 + (399874v6

1 − 2552962v2
1 v2)ξ9 + (−232047v7

1 + 53036763v3
1 v2)ξ11 + (−68540262v8

1 − 904483896v4
1 v2 + 44962386v2

2 )ξ13 + O(ξ14)

a6(ξ) = −38v3
1 ξ

2 + (1454v4
1 − 994v2)ξ4 + (−28406v5

1 + 58352v1v2)ξ6 + (322362v6
1 − 2021589v2

1 v2)ξ8 + (−426956v7
1 + 51791754v3

1 v2)ξ10 + (−76486748v8
1 − 1054514346v4

1 v2 + 50891652v2
2 )ξ12 + O(ξ13)

a7(ξ) = −3v3
1 ξ + (341v4

1 − 324v2)ξ3 + (−11256v5
1 + 25956v1v2)ξ5 + (179916v6

1 − 1187892v2
1 v2)ξ7 + (−311044v7

1 + 38402155v3
1 v2)ξ9 + (−67534893v8

1 − 949597944v4
1 v2 + 45521460v2

2 )ξ11 + O(ξ12)

a8(ξ) = (36v4
1 − 72v2)ξ2 + (−2748v5

1 + 8268v1v2)ξ4 + (67120v6
1 − 518984v2

1 v2)ξ6 + (−60714v7
1 + 21779577v3

1 v2)ξ8 + (−48078012v8
1 − 667623180v4

1 v2 + 32635590v2
2 )ξ10 + O(ξ11)
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Calculations Cyclic Power Operation

PCp p = 5

a0(ξ) = 24ξ4 − 1680v1ξ
8 + 370008v2

1 ξ
12 − 123486336v3

1 ξ
16 + 49940181504v4

1 ξ
20 − 22387831843968v5

1 ξ
24 + O(ξ27)

a1(ξ) = 50ξ3 − 5430v1ξ
7 + 1551072v2

1 ξ
11 − 636927168v3

1 ξ
15 + 306533455680v4

1 ξ
19 − 159587759552160v5

1 ξ
23 + O(ξ26)

a2(ξ) = 35ξ2 − 7328v1ξ
6 + 2893808v2

1 ξ
10 − 1508394320v3

1 ξ
14 + 880153410800v4

1 ξ
18 − 538766638154912v5

1 ξ
22 + O(ξ25)

a3(ξ) = 10ξ − 5498v1ξ
5 + 3207450v2

1 ξ
9 − 2188580410v3

1 ξ
13 + 1576841873306v4

1 ξ
17 − 1148714244383946v5

1 ξ
21 + O(ξ24)

a4(ξ) = 1− 2550v1ξ
4 + 2370055v2

1 ξ
8 − 2186482212v3

1 ξ
12 + 1981785971805v4

1 ξ
16 − 1739373519723146v5

1 ξ
20 + O(ξ23)

a5(ξ) = −750v1ξ
3 + 1237150v2

1 ξ
7 − 1600089600v3

1 ξ
11 + 1861052456328v4

1 ξ
15 − 1993236452093372v5

1 ξ
19 + O(ξ22)

a6(ξ) = −130v1ξ
2 + 469174v2

1 ξ
6 − 889462830v3

1 ξ
10 + 1357095174226v4

1 ξ
14 − 1798092274519868v5

1 ξ
18 + O(ξ21)

a7(ξ) = −10v1ξ + 129998v2
1 ξ

5 − 383662650v3
1 ξ

9 + 787791379990v4
1 ξ

13 − 1310798976643086v5
1 ξ

17 + O(ξ20)

a8(ξ) = 25850v2
1 ξ

4 − 129787730v3
1 ξ

8 + 369983450960v4
1 ξ

12 − 786299876510498v5
1 ξ

16 + O(ξ19)
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Calculations 〈p〉ξ

〈p〉ξ

〈2〉 = 2− ξv1 + 2ξ2v2
1 + ξ3

(
−8v3

1 − 7v2

)
+ ξ4

(
26v4

1 + 30v1v2

)
+ ξ5

(
−84v5

1 − 111v2
1 v2

)
+ ξ6

(
300v6

1 + 502v3
1 v2 + 112v2

2

)

〈3〉 = 3− 8ξ2v1 + 72ξ4v2
1 − 840ξ6v3

1 + ξ8
(

9000v4
1 − 6560v2

)
+ ξ10 (−88992v5

1 + 216504v1v2
)

〈5〉 = 5− 624ξ4v1 + 390000ξ8v2
1 − 341094000ξ12v3

1 + 347012281200ξ16v4
1 − 384865568096880ξ20v5

1
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Calculations PCp mod 〈p〉

PCp mod 〈p〉 p = 2

a0(ξ) ≡ ξ
a1(ξ) ≡ 1 + v1ξ + v4

1 ξ
4 + v5

1 ξ
5 + (v6

1 + v3
1 v2 + v2

2 )ξ6 + v4
1 v2ξ

7 + (v8
1 + v2

1 v2
2 + v1v3)ξ8 + (v6

1 v2 + v2
1 v3)ξ9

a2(ξ) ≡ v2
1 ξ + v2ξ

2 + v1v2ξ
3 + v5

1 ξ
4 + v3

1 v2ξ
5 + (v4

1 v2 + v1v2
2 )ξ6 + (v8

1 + v2
1 v2

2 + v1v3)ξ7

a3(ξ) ≡ v4
1 ξ

2 + (v6
1 + v3

1 v2 + v2
2 )ξ4 + v4

1 v2ξ
5 + (v8

1 + v5
1 v2)ξ6 + (v9

1 + v6
1 v2 + v3

2 )ξ7

a4(ξ) ≡ v4
1 ξ + (v6

1 + v3
1 v2)ξ3 + (v4

1 v2 + v1v2
2 + v3)ξ4 + (v5

1 v2 + v1v3)ξ5 + (v9
1 + v3

1 v2
2 + v2

1 v3)ξ6

a5(ξ) ≡ v6
1 ξ

2 + (v7
1 + v4

1 v2 + v1v2
2 )ξ3 + (v8

1 + v2
1 v2

2 + v1v3)ξ4 + (v3
2 + v2

1 v3)ξ5 + (v10
1 + v7

1 v2 + v3
1 v3)ξ6

a6(ξ) ≡ (v7
1 + v1v2

2 )ξ2 + (v8
1 + v2

1 v2
2 + v1v3)ξ3 + v3

2 ξ
4 + (v10

1 + v2v3)ξ5 + (v8
1 v2 + v5

1 v2
2 + v4

1 v3)ξ6

a7(ξ) ≡ v9
1 ξ

3 + (v11
1 + v8

1 v2 + v5
1 v2

2 )ξ5 + (v3
1 v3

2 + v5
1 v3)ξ6 + (v13

1 + v10
1 v2 + v4

1 v3
2 + v3

1 v2v3)Z [t ]7

a8(ξ) ≡ v8
1 ξ + v9

1 ξ
2 + (v10

1 + v4
1 v2

2 )ξ3 + (v11
1 + v2

1 v3
2 + v4

1 v3)ξ4 + (v6
1 v2

2 + v2
1 v2v3)ξ5 + (v10

1 v2 + v7
1 v2

2 + v4
1 v3

2 + v1v4
2 + v3

1 v2v3)ξ6
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Calculations PCp mod 〈p〉

PCp mod 〈p〉 p = 3

a0(ξ) ≡ 2ξ2 + v1ξ
4 + 2v3

1 ξ
8 +

(
v4

1 + v2

)
ξ10 + 2v5

1 ξ
12 + v2

1 v2ξ
14 +

(
v7

1 + v3
1 v2

)
ξ16 + 2v8

1 ξ
18

a1(ξ) ≡ 0

a2(ξ) ≡ 1 (gap) + v7
1 ξ

14 + v4
1 v2ξ

16 +
(

v5
1 v2 + v1v2

2

)
ξ18 + 2v6

1 v2ξ
20 +

(
2v7

1 v2 + 2v3
1 v2

2

)
ξ22 +

(
v8

1 v2 + 2v3
2

)
ξ24

a3(ξ) ≡ 0

a4(ξ) ≡ 2v3
1 ξ

4 +
(

v4
1 + v2

)
ξ6 + 2v5

1 ξ
8 + v2

1 v2ξ
10 +

(
v7

1 + v3
1 v2

)
ξ12 +

(
2v9

1 + 2v5
1 v2 + 2v1v2

2

)
ξ16 +

(
2v10

1 + 2v6
1 v2 + 2v2

1 v2
2

)
ξ18

a5(ξ) ≡ 0

a6(ξ) ≡ v3
1 ξ

2 + 2v2ξ
4 +

(
v5

1 + v1v2
)
ξ6 +

(
v6

1 + 2v2
1 v2

)
ξ8 +

(
2v7

1 + v3
1 v2

)
ξ10 +

(
v8

1 + v4
1 v2 + 2v2

2

)
ξ12 + v1v2

2 ξ
14 +

(
2v10

1 + 2v6
1 v2

)
ξ16 +

(
v11

1 + 2v7
1 v2

)
ξ18

a7(ξ) ≡ 0

a8(ξ) ≡ v9
1 ξ

12 + 2v10
1 ξ14 +

(
2v11

1 + v7
1 v2

)
ξ16 +

(
v12

1 + 2v8
1 v2 + 2v4

1 v2
2 + 2v3

2

)
ξ18
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Calculations PCp mod 〈p〉

PCp mod 〈p〉 p = 5

a0(ξ) ≡ 4ξ4 + v1ξ
8 + 4v5

1 ξ
24 + (v6

1 + v2)ξ28 + 4v9
1 ξ

40 + v4
1 v2ξ

44 + v5
1 v2ξ

48 + 3v13
1 ξ56 + (4v14

1 + 3v8
1 v2)ξ60 + (y64v15

1 + 2v9
1 v2 + 4v3

1 v2
2 )ξ64 + v4

1 v2
2 ξ

68 + 2v18
1 ξ76 + O(ξ79)

a1(ξ) ≡ 0
a2(ξ) ≡ 0
a3(ξ) ≡ 0

a4(ξ) ≡ 1 (gap) + 4v12
1 ξ48 + (v13

1 + 2v7
1 v2)ξ52 + 4v2

1 v2
2 ξ

56 + v3
1 v2

2 ξ
60 + 2v16

1 ξ64 + 2v11
1 v2ξ

68 + 3v18
1 ξ72

(
mod (ξ)80

)
a5(ξ) ≡ 0
a6(ξ) ≡ 0
a7(ξ) ≡ 0

a8(ξ) ≡ 4v5
1 ξ

16 + (v6
1 + v2)ξ20 + 4v9

1 ξ
32 + v4

1 v2ξ
36 + v5

1 v2ξ
40 + 2v13

1 ξ48 + 4v14
1 ξ52 + (v15

1 + v9
1 v2 + 3v3

1 v2
2 )ξ56 + (2v16

1 + v4
1 v2

2 )ξ60 + (2v17
1 + 4v11

1 v2)ξ64 + (4v12
1 v2 + v6

1 v2
2 )ξ68 + O(ξ71)

Niles Johnson (UGA) p-typicality is atypical April 28, 2010 30 / 37



Calculations Sparseness

Classes ai are zero unless i is divisible by p − 1.

C×p acts on BCp

In BP∗(BCp) an element w ∈ C×p acts on [i]ξ by
[i]ξ 7→ [wi]ξ

The cyclic product
∏p−1

i=1 ([i]ξ +BP x)
is C×p -invariant

ai ∈ BP2(p−i−1)(BCp)C×p

H∗(BCp)C×p ∼= Z/p[ξ(p−1)] is concentrated in degrees divisible by
2(p − 1)

Atiyah-Hirzebruch⇒
non-zero ai are concentrated in degrees divisible by 2(p − 1)

⇒ (p − 1)|i
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Calculations Sparseness

Sparseness for MCn

The obstructions MCn are non-zero only if n is divisible by p − 1.

p − 1 is one less than a power of p
2(p − 1) is not of the form pk − 1
r∗[CP2(p−1)] = 0 in BP∗

First case of interest: n = 2(p − 1)

MC2(p−1)(ξ) = a2p−4
0 r∗[CP(p−1)]

(
−(2p − 1)a0a(p−1)

)
+ a2p−4

0 r∗[CP0]
(
−(2p − 1)a0a2(p−1) + p(2p − 1)a2

(p−1)

)

= (2p − 1)a2p−4
0

(
−v1a0a(p−1) − a0a2(p−1) + pa2

(p−1)

)
[CP0] = 1 and r∗[CPp−1] = v1
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Calculations The obstructions MCn

The obstructions MCn p = 2

MC1(ξ) ≡ ξ2v2
1 +ξ3v2+ξ4

(
v4

1 + v1v2

)
+ξ7 (v7

1 + v3
)
+ξ8

(
v8

1 + v1v3

)
+ξ9

(
v9

1 + v6
1 v2 + v3

1 v2
2 + v3

2 + v2
1 v3

)
MC2(ξ) ≡ ξ6

(
v6

1 + v2
2

)
+ξ7 (v7

1 + v3
)
+ξ8 (v5

1 v2 + v1v3
)
+ξ9v3

2 +ξ10
(

v4
1 v2

2 + v1v3
2

)
+ξ11

(
v5

1 v2
2 + v2

1 v3
2 + v4

1 v3

)
MC3(ξ) ≡ ξ6v6

1 +ξ7
(

v4
1 v2 + v1v2

2

)
+ξ8

(
v8

1 + v5
1 v2 + v1v3

)
+ξ10

(
v10

1 + v7
1 v2 + v4

1 v2
2 + v3

1 v3 + v2v3

)
+ξ11

(
v11

1 + v8
1 v2 + v4

1 v3 + v1v2v3

)
MC4(ξ) ≡ ξ10v4

1 v2
2 +ξ11

(
v11

1 + v8
1 v2 + v5

1 v2
2 + v4

1 v3

)
+ξ12

(
v9

1 v2 + v3
1 v3

2 + v4
2

)
+ξ13

(
v10

1 v2 + v4
1 v3

2 + v6
1 v3 + v3

1 v2v3 + v2
2 v3

)
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Calculations The obstructions MCn

The obstructions MCn 2 < p ≤ 13

p = 3 : MC4(ξ) ≡ 2v9
1 ξ

22 + 2v10
1 ξ24 + 2v7

1 v2ξ
26 + (2v8

1 v2 + v4
1 v2

2 )ξ28 + O(ξ30)

p = 5 : MC8(ξ) ≡ 3v16
1 ξ88 + (4v17

1 + v11
1 v2)ξ92 + (3v18

1 + 4v6
1 v2

2 )ξ96 + O(ξ100)

p = 7 : MC12(ξ) ≡ 4v22
1 ξ192 + (4v23

1 + 2v15
1 v2)ξ198 + (6v24

1 + 4v16
1 v2 + 5v8

1 v2
2 )ξ204 + (5v25

1 + 5v17
1 v2 + 4v9

1 v2
2 + 3v1v3

2 )ξ210 + (2v18
1 v2 + 3v10

1 v2
2 + 4v2

1 v3
2 )ξ216 + O(ξ222)

p = 11 : MC20(ξ) ≡ 9v34
1 ξ520 + (8v35

1 + 6v23
1 v2)ξ530 + (7v36

1 + v24
1 v2 + 5v12

1 v2
2 )ξ540 + O(ξ550)

p = 13 : MC24(ξ) ≡ 11v40
1 ξ744 + (6v41

1 + 6v27
1 v2)ξ756 + O(ξ768)
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Calculations The obstructions MCn

The obstructions MCn p > 13

Conjecture (strong form)
For any prime p, the coefficients of

v3p+1
1 ξ5p2−8p+3 and v2p+1

1 v2ξ
5P2−7p+2

are non-zero in MC2(p−1).
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Calculations The obstructions MCn

The obstructions MCn

p deg(MC2(p−1)) 5p2 − 8p + 3 term time

2 0 7 v7
1 ξ

7 fast

3 8 24 2v10
1 ξ24 fast

5 48 88 3v16
1 ξ88 fast

7 120 192 4v22
1 ξ192 ∼ 1/2 day

11 360 520 9v34
1 ξ520 ∼ 4 days

13 528 744 11v40
1 ξ744 ∼ 22 days

17 960 1312 ?? ??
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Conclusion

Conclusion

Theorem (J. – Noel)
Suppose f : MU(p) → E is map of H∞ ring spectra satisfying:

1 f factors through Quillen’s map to BP.
2 f induces a Landweber exact MU∗-module structure on E∗.
3 Small Prime Condition: p ∈ {2,3,5,7,11,13}.

then π∗E is a Q-algebra.

Application: The standard complex orientations on En, E(n), BP〈n〉,
and BP do not respect power operations;
The corresponding MU-ring structures do not rigidify to commutative
MU-algebra structures.

Thank You!
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